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We ﬁnd all the general natural metrics and all the natural diagonal metrics on TM with
respect to which any (non)linear connection on a (pseudo)-Riemannian manifold (M, g)
(viewed as an almost product structure on TM) is harmonic. Moreover, we give necessary
and suﬃcient conditions such that the Levi-Civita connection of g, the (non)linear
connections on (M, g), and some special (1,1)-tensor ﬁelds on TM are harmonic with
respect to any general natural metric G . We also study the harmonicity of these
connections and of several (1,1)-tensor ﬁelds with respect to the natural diagonal metrics,
and in particular, we obtain that the Levi-Civita connection of g is harmonic with respect
to the Sasaki metric on TM.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
In the last decades, the natural lifts of the pseudo-Riemannian metric g from the base manifold (M, g) to the (total space
of the) tangent bundle TM have been considered by several authors such as M.T.K. Abbassi [1], J. Janyška [6], O. Kowalski and
M. Sekizawa [10], V. Oproiu [2,3,16,18], M.I. Munteanu [15], M. Tahara, L. Vanhecke, Y. Watanabe [20,21], and by the present
authors [2,3].
Roughly speaking, a natural operator (in the sense of [7–12,22]) is a ﬁbred manifold mapping, which is invariant with
respect to the group of local diffeomorphisms of the base manifold.
S. Sasaki constructed in [19] his well-known Riemannian metric on TM. The study of some geometric properties of
the tangent bundle endowed with the Sasaki metric, leads to the ﬂatness of the base manifold [24].
The results obtained in [7] and [10] concerning the natural lifts, and the classiﬁcation of the natural vector ﬁelds on the
tangent bundle of a pseudo-Riemannian manifold, given in [6], allowed V. Oproiu to introduce on the tangent bundle TM,
an almost complex structure J and a particular metric G , both of natural diagonal type, obtained from the Riemannian
metric g on the base manifold (see [17]). The new metric, depending on two arbitrary smooth functions of the energy
density, was called later Oproiu metric (e.g. in [1,11]). This metric slightly surmounted the rigidity of the Sasaki metric,
in the integrability problem for the almost complex structure J . In particular, if the base manifold is a space of constant
sectional negative curvature, then the tangent bundle endowed with the new metric is a space of constant sectional positive
curvature (contrasting to the situations of the Sasaki and Cheeger–Gromoll metrics).
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of the energy density (see [17]). A Riemannian metric of natural diagonal lift type on TM preserves the orthogonality
between the horizontal and vertical distributions. Some other papers like [1,3,16], provide new interesting results obtained
by taking on TM the metrics of general natural lift type, with respect to which the horizontal and vertical distributions
are no more orthogonal to each other. This kind of metrics have six coeﬃcients which are smooth functions of the energy
density.
In [4] and [23] the notion of a harmonic endomorphism ﬁeld ϕ is introduced as a harmonic map ϕ : (TM, gC ) → (TM, gC ),
where gC is the complete lift of the metric g . Since any (non)linear connection can be viewed as an almost product structure
on TM, E. Garcia-Rio et. al. were motivated to introduce in [4] the notion of a harmonic connection with respect to gC .
The present paper deals with the harmonicity of any (non)linear connection with respect to all general natural and
natural diagonal metrics on TM (instead of the complete lift of g , considered in [4]). Different from the case treated in [4],
when the Levi-Civita connection associated to the pseudo-Riemannian metric g is always harmonic with respect to gC , we
characterize those general natural metrics G with respect to which the Levi-Civita connection of g is harmonic. Moreover,
we give some necessary and suﬃcient conditions under which any (non)linear connection on (M, g) and some special
(1,1)-tensor ﬁelds on (TM,G) are harmonic. The tensor ﬁelds that we consider on TM are the canonical almost product and
almost tangent structures, the vertical and horizontal projectors. In a forthcoming paper we deal with the almost complex
and almost paracontact structures on TM.
The manifolds, tensor ﬁelds and other geometric objects considered in the present paper are assumed to be smooth.
Einstein’s summation convention is used throughout this paper, the range of the indices h, i, j, k, l,m being always {1, . . . ,n}.
The arbitrary real constants throughout the paper will be denoted by k,k0,k1,k2, or by const.
2. Preliminary results
Let us denote by (x1, . . . , xn) the local coordinates on a Riemannian manifold (M, g) and by (x1, . . . , xn, y1, . . . , yn) the
local coordinates on TM.
As in [5], a (non)linear connection P on M is viewed as an almost product structure on TM, such that at any point
u ∈ TM, the eigenspace corresponding to the eigenvalue −1 of P coincides with the vertical subspace Vu at u, i.e., Vu =
Ker{dπ(u) : Tu(TM) → Tπ(u)M}. Then we have the direct sum decomposition
TTM = VTM ⊕ H˜TM (2.1)
of the tangent bundle to TM into the vertical VTM = Kerdπ and horizontal H˜TM distributions, corresponding respectively
to the eigenvalues −1 and +1 of P (see [4]). A frame ﬁeld of VTM is given locally on π−1(U ) by { ∂
∂ y1
, . . . , ∂
∂ yn } and we
construct on H˜TM an adapted local frame ﬁeld { δ˜
δx1
, . . . , δ˜
δxn }, deﬁned by
δ˜
δxi
= ∂
∂xi
− Phi
∂
∂ yh
,
where Phi (x) denote the coeﬃcients of the (non)linear connection P .
Therefore, with respect to the adapted local frame ﬁeld { ∂
∂ yi
, δ˜
δx j
}i, j=1,n , P has the following expressions:
P
∂
∂ yi
= − ∂
∂ yi
and P
δ˜
δx j
= δ˜
δx j
. (2.2)
The decomposition (2.1) allows us to use a similar construction as that in [24] to deﬁne the vertical and horizontal
lifts of an arbitrary vector ﬁeld X = Xi ∂
∂xi
on M , by XV and X H˜ , respectively, which in the adapted local frame have the
expressions
XV = Xi ∂
∂ yi
, X H˜ = Xi δ˜
δxi
.
Under the above notations, we can express the (non)linear connection P invariantly by
P XV = −XV , P X H˜ = X H˜ , ∀X ∈ T 10 (M).
On the other hand, the splitting (2.1) induces a decomposition X = v X + hX of each tangent vector of TM into its
vertical component v X and its horizontal component hX . Now, the vertical and horizontal projectors v : TTM → VTM and
h : TTM → H˜TM, are given respectively by
v = 1
2
(idTTM − P ), h = 1
2
(idTTM + P ),
where Im v = VTM and Imh = H˜TM deﬁne the connection.
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∂ yi
, δ˜
δx j
}i, j=1,n on TM adapted to the direct sum decomposition (2.1) we have
h
δ˜
δxi
= δ˜
δxi
, h
∂
∂ yi
= 0,
v
δ˜
δxi
= 0, v ∂
∂ yi
= ∂
∂ yi
. (2.3)
In particular, when the (non)linear connection P is the Levi-Civita connection ∇˙ of the Riemannian metric g on M , the
tangent bundle to TM has the following splitting
TTM = VTM ⊕ HTM, (2.4)
where the horizontal distribution HTM is deﬁned by ∇˙ (see [24]).
The local frame ﬁeld { ∂
∂ yi
, δ
δx j
}i, j=1,n on TM is adapted to the direct sum decomposition (2.4), where
δ
δxi
= ∂
∂xi
− Γ h0i
∂
∂ yh
, Γ h0i = ykΓ hki,
and Γ hki(x) are the Christoffel symbols of the Levi-Civita connection ∇˙ .
Using the splitting (2.4) of the tangent bundle to TM from [24], we have the vertical and horizontal lifts of an arbitrary
vector ﬁeld X = Xi ∂
∂xi
on M , denoted by XV and XH , respectively, which in the adapted local frame { ∂
∂ yi
, δ
δx j
}i, j=1,n have
the expressions
XV = Xi ∂
∂ yi
, XH = Xi δ
δxi
.
The horizontal generators δ˜
δxi
and δ
δxi
are related by
δ
δxi
= δ˜
δxi
+ Lki
∂
∂ yk
, (2.5)
where L : VTM → TTM is given locally by
Lki = Pki − Γ k0i . (2.6)
By using (2.5), the relations (2.2) become
P
∂
∂ yi
= − ∂
∂ yi
and P
δ
δxi
= δ
δxi
− 2Lki
∂
∂ yk
, (2.7)
and (2.3) yield
h
δ
δxi
= δ
δxi
− Lki
∂
∂ yk
, h
∂
∂ yi
= 0,
v
δ
δxi
= Lki
∂
∂ yk
, v
∂
∂ yi
= ∂
∂ yi
. (2.8)
Invariantly, the above relations become respectively:
P XV = −XV , P XH = XH − 2LXV ,
and
hXH = XH − LXV , hXV = 0,
v XH = LXV , v XV = XV ,
where X is an arbitrary vector ﬁeld on M .
The general natural metrics G represent a very useful tool on the tangent bundle TM of (M, g), as one can see in [1,3,
10,16,18]. The metric coeﬃcients of G are smooth functions depending the energy density t (kinetic energy or “forza viva”,
according to the terminology of Levi-Civita), deﬁned by
t = 1
2
‖y‖2 = 1
2
gπ(y)(y, y) = 12 gik(x)y
i yk, y ∈ π−1(U ) ∈ TM. (2.9)
Obviously, we have t ∈ [0,∞) for all y ∈ TM.
C.-L. Bejan, S.-L. Drut¸a˘-Romaniuc / Differential Geometry and its Applications 30 (2012) 306–317 309Let G be the general natural lifted metric on TM, deﬁned by V. Oproiu in [16]:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
G
(
δ
δxi
,
δ
δx j
)
= c1gij + d1g0i g0 j = G(1)i j ,
G
(
∂
∂ yi
,
∂
∂ y j
)
= c2gij + d2g0i g0 j = G(2)i j ,
G
(
∂
∂ yi
,
δ
δx j
)
= G
(
δ
δxi
,
∂
∂ y j
)
= c3gij + d3g0i g0 j = G(3)i j ,
(2.10)
where c1, c2, c3, d1, d2, d3 are six smooth functions depending on the energy density on TM.
The invariant form of the metric G is⎧⎪⎪⎨
⎪⎪⎩
G
(
XHy , Y
H
y
)= c1(t)gπ(y)(X, Y ) + d1(t)gπ(y)(X, y)gπ(y)(Y , y),
G
(
XVy , Y
V
y
)= c2(t)gπ(y)(X, Y ) + d2(t)gπ(y)(X, y)gπ(y)(Y , y),
G
(
XVy , Y
H
y
)= c3(t)gπ(y)(X, Y ) + d3(t)gπ(y)(X, y)gπ(y)(Y , y),
(2.11)
for all X, Y ∈ T 10 (M), y ∈ TM, where t is the energy density of y.
The conditions for G to be a Riemannian metric on TM, namely the conditions for G to be positive deﬁnite, are assured
if
c1c2 − c23 > 0, (c1 + 2td1)(c2 + 2td2) − (c3 + 2td3)2 > 0. (2.12)
A metric G is a natural diagonal metric on TM (see [17]), if it preserves the orthogonality between the horizontal and
vertical distributions, i.e. in the relation (2.11) we consider c3 = d3 = 0.
In this case, the conditions for G to be positive deﬁnite are
c1c2 > 0, (c1 + 2td1)(c2 + 2td2) > 0,
so c1 must have the same sign with c2 and c1 + 2td1 with c2 + 2td2, and they cannot vanish.
3. Harmonic connections on (TM,G)
A (non)linear connection on a Riemannian manifold (M, g) (viewed as an almost product structure on (TM, gC )), is called
by E. Garcia-Rio et. al. in [4] to be harmonic if its codifferential with respect to the Levi-Civita connection of gC vanishes.
That deﬁnition suggest us the following:
Deﬁnition 3.1. A (non)linear connection P on (M, g) is harmonic with respect to the general natural metric G on TM if P ,
viewed as an almost product structure on (TM,G), is harmonic, that is the codifferential of P with respect to the Levi-Civita
connection ∇ of G vanishes, i.e.
trace(∇·P )· = 0. (3.1)
In the computation of the above trace we need the inverse H of the matrix G associated to the general natural lifted
metric. The matrix H has the entries:
Hkl(1) = p1gkl + q1 yk yl, Hkl(2) = p2gkl + q2 yk yl, Hkl(3) = p3gkl + q3 yk yl, (3.2)
where gkl are the components of the inverse matrix of (gij) and p1, q1, p2, q2, p3, q3 : [0,∞) → R, are some real smooth
functions.
In [3] the coeﬃcients p1, p2, p3 are expressed as functions of c1, c2, c3, by
p1 = c2
c1c2 − c23
, p2 = c1
c1c2 − c23
, p3 = − c3
c1c2 − c23
, (3.3)
and q1, q2, q3 as functions of c1, c2, c3, d1, d2, d3, p1, p2, p3, respectively by
q1 = −c2d1p1 − c3d3p1 − c3d2p3 + c2d3p3 + 2d1d2p1t − 2d
2
3p1t
c1c2 − c23 + 2c2d1t + 2c1d2t − 4c3d3t + 4d1d2t2 − 4d23t2
,
q2 = −d2p2 + d3p3
c2 + 2d2t +
(c3 + 2d3t)[(d3p1 + d2p3)(c1 + 2d1t) − (d1p1 + d3p3)(c3 + 2d3t)]
(c2 + 2d2t)[(c1 + 2d1t)(c2 + 2d2t) − (c3 + 2d3t)2] ,
q3 = − (d3p1 + d2p3)(c1 + 2d1t) − (d1p1 + d3p3)(c3 + 2d3t)2 . (3.4)(c1 + 2d1t)(c2 + 2d2t) − (c3 + 2d3t)
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name of d-tensor ﬁeld. It is deﬁned by some sets of nr+s components (functions depending on xi and yi), assigned to the
induced local charts on TM. The local coordinate change rule of these components (with respect to the induced local charts
on TM) is that of the local coordinate components of an (r, s)-tensor ﬁeld on the base manifold M .
The components of the Levi-Civita connection, which are M-tensor ﬁelds on TM were obtained in [3].
Theorem 3.2. (See [3].) The Levi-Civita connection ∇ of G has the following expression in the local adapted frame { ∂
∂ yi
, δ
δx j
}i, j=1,n:⎧⎪⎪⎨
⎪⎪⎩
∇ ∂
∂ yi
∂
∂ y j
= Q hij
∂
∂ yh
+ Q hij
δ
δxh
, ∇ δ
δxi
∂
∂ y j
= (Γ hi j + Uhji) ∂∂ yh + Uhji δδxh ,
∇ ∂
∂ yi
δ
δx j
= Uhij
δ
δxh
+ Uhij
∂
∂ yh
, ∇ δ
δxi
δ
δx j
= (Γ hi j + Shi j) δδxh + Shi j ∂∂ yh ,
where Γ hi j are the Christoffel symbols of the Levi-Civita connection ∇˙ of g, and the coeﬃcients Q hij , Q hi j , Uhi j , Uhi j , Shi j , Shi j are some
M-tensor ﬁelds on TM, whose explicit expressions may be obtained from the Koszul formula for ∇ .
Using (2.10)–(3.4) one obtained in [3] the detailed expressions of the M-tensor ﬁelds involved in the above expressions.
Deﬁnition 3.3. Let G be a natural diagonal metric on the tangent bundle TM of a Riemannian manifold (M, g) and let L be
the tensor ﬁeld associated by (2.6) to a (non)linear connection P on M . We say that L is compatible with the Levi-Civita
connection of G , if it satisﬁes
Shi j = ∇˙ δ
δxi
Lhj , L
k
jU
h
ki = 0, (3.5)
for nondegenerate Hij(1) , which generalize to
Hij
(1)S
h
i j = Hij(1)∇˙ δ
δxi
Lhj , H
ij
(1)L
k
jU
h
ki = 0, (3.6)
for arbitrary Hij(1) .
This compatibility conditions can be extended for a general natural metric G , by replacing (3.6) with the following
relations:
Hij(1)
(
Shi j + Lhk Ski j − LkjUhki − ∇˙ δ
δxi
Lhj
)= 0, Hij(1)LkjUhki = 0,
Hij(3)U
h
ji = 0, Hij(3)LkhUhji = 0,
Hij(3)L
k
j Q
h
ik = 0, Hij(3)
(
Uhij −
∂
∂ yi
Lhj − Lkj Q hik + LhkUki j
)
= 0,
Hij(2)Q
h
ij = 0, Hij(2)Lkh Q hij = 0. (3.7)
Theorem 3.4. Let (M, g) be a Riemannian manifold, and let TM be its tangent bundle, endowed with a (non)linear connection P . The
following assertions are equivalent:
(i) P is harmonic;
(ii) The horizontal projector h is a harmonic (1,1)-tensor ﬁeld;
(iii) The vertical projector v is a harmonic (1,1)-tensor ﬁeld;
(iv) The tensor ﬁeld L associated to P by (2.6) satisﬁes the compatibility relations (3.7),
where the harmonicity is taken with respect to a general natural metric G.
Proof. With respect to the local frame ﬁeld adapted to (2.4), we rewrite (3.1) under the form:
Hij(1)(∇ δ
δxi
P )
δ
δx j
= 0, Hij(3)(∇ δ
δxi
P )
∂
∂ y j
= 0,
Hij(3)(∇ ∂
∂ yi
P )
δ
δx j
= 0, Hij(2)(∇ ∂
∂ yi
P )
∂
∂ y j
= 0. (3.8)
Taking into account Theorem 3.2 and using (2.7), the above relations lead to the following expressions:
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[(
Shi j + Lhk Ski j − LkjUhki − ∇˙ δ
δxi
Lhj
) ∂
∂ yh
− LkjUhki
δ
δxh
]
= 0,
2Hij(3)
(
LkhU
h
ji
∂
∂ yh
− Uhji
δ
δxh
)
= 0,
2Hij(3)
[(
Uhij −
∂
∂ yi
Lhj − Lkj Q hik + LhkUki j
)
∂
∂ yh
− Lkj Q hik
δ
δxh
]
= 0,
2Hij(2)
(
Lkh Q
h
ij
∂
∂ yk
− Q hij
δ
δxh
)
= 0.
Then, from the conditions of vanishing of the horizontal and vertical components of the above expressions, we obtain
the relations (3.7).
Replacing P in (3.8) by h or v , which satisfy (2.8), we obtain the same expressions, and thus the theorem is proved. 
From now on, we shall denote by (M(c), g) (with c 
= 0) a Riemannian manifold of constant sectional curvature c.
Theorem 3.5. On the nonzero tangent bundle of a Riemannian space form (M(c), g) (with c 
= 0), the general natural metrics with
respect to which both the Levi-Civita connection of g and its horizontal and vertical projectors are harmonic, have the following
diagonal form:⎧⎪⎪⎪⎨
⎪⎪⎪⎩
G
(
XHy , Y
H
y
)= kgπ(y)(X, Y ) + k1
t
gπ(y)(X, y)gπ(y)(Y , y),
G
(
XVy , Y
V
y
)= c2gπ(y)(X, Y ) + d2gπ(y)(X, y)gπ(y)(Y , y),
G
(
XVy , Y
H
y
)= 0,
for all X, Y ∈ T 10 (M), y ∈ TM\{0}, where t is the energy density of y.
Proof. For the Levi-Civita connection of the metric g , we have that Lki = 0, so the compatibility relations (3.7) become
simpler:
Hij(1)S
h
i j = 0, Hij(3)Uhji = 0, Hij(3)Uhij = 0, Hij(2)Q hij = 0. (3.9)
After some computations, the above expressions become of the form (A + Bn)yh = 0, where A and B are some real
functions independent on n, whose expressions involve ci(t), di(t), i = 1,3, their derivatives, and t . Since the dimension n
of the ambient manifold (M(c), g) is arbitrary, then A and B must vanish.
In the above expressions, the coeﬃcients of yh which contain n are, respectively,
−c2 c
′
1(c1 + 2td1) + 2cc3(c3 + 2td3)
2(c1c2 − c23)[(c1 + 2td1)(c2 + 2td2) − (c3 + 2td3)2]
n = 0, (3.10)
−c3 (cc2 + d1)(c2 + 2td2) + (c
′
3 − d3)(c3 + 2td3)
2(c1c2 − c23)[(c1 + 2td1)(c2 + 2td2) − (c3 + 2td3)2]
n = 0, (3.11)
c3
cc2(c3 + 2td3) + (c1 + 2td1)c′3 + c3d1 − c1d3
2(c1c2 − c23)[(c1 + 2td1)(c2 + 2td2) − (c3 + 2td3)2]
n = 0, (3.12)
c1
c′2(c3 + 2td3) + 2(c2d3 − c3d2)
2(c1c2 − c23)[(c1 + 2td1)(c2 + 2td2) − (c3 + 2td3)2]
n = 0. (3.13)
The relations (3.10) and (3.13) lead respectively to
c′1 = −2cc3
c3 + 2td3
c1 + 2td1 , c
′
2 = −2
c2d3 − c3d2
c3 + 2td3 . (3.14)
From (3.11) and (3.12), we obtain two expressions for c′3, which must coincide, as follows:
c′3 =
−(cc2 + d1)(c2 + 2td2)
c3 + 2td3 + d3 =
c1d3 − c3d1 − cc2(c3 + 2td3)
c1 + 2d1t . (3.15)
From the last equality, we obtain
(cc2 + d1)
[
(c1 + 2td1)(c2 + 2td2) − (c3 + 2td3)2
]= 0, (3.16)
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conditions, and using (3.14) we have
Hij(3)U
h
ji =
cc3(c2 + 2d2t)[(c1 + 2td1)(c2 + 2td2) + (c3 + 2td3)2]
(c1 + 2d1t)[(c1 + 2td1)(c2 + 2td2) − (c3 + 2td3)2] y
h, (3.17)
and due to (2.12) it vanishes if and only if c3 = 0 (in our hypothesis c 
= 0). Since c′3 = d3, it follows that d3 vanishes
too. Hence the metric we are looking for is a natural diagonal metric and then the last three relations in (3.9) are satisﬁed.
Implicitly the relations (3.11)–(3.13) are true, without the restriction given in (3.14) on the value of c′2 and without imposing
d1 = −cc2. A supplementary condition follows from (3.10), namely c1 is an arbitrary real constant k.
Replacing the expression of Shi j (see [3]), and using (3.2)–(3.4), we obtain
Hij(1)S
h
i j = −
2(c1d1 − c′1d1t + c1d′1t) + c′1(c1 + 2td1)n
2c1(c1 + 2d1t)(c2 + 2td2) y
h = 0, (3.18)
and since c1 = k we have
− d1 + d
′
1t
(k + 2d1t)(c2 + 2d2t) y
h = 0,
which is satisﬁed if and only if d1 = k1t . 
Since for y = 0 the relations (3.9) are obviously satisﬁed, we get the following:
Proposition 3.6. Let (M(c), g) be a Riemannian space form with c 
= 0. The Levi-Civita connection of g and its horizontal and vertical
projectors are harmonic with respect to every general natural metric on the null section of TM.
Completing the remaining case of Theorem 3.5, namely the case when the base manifold (M(c), g) is ﬂat (i.e. c = 0), we
obtain the following:
Theorem 3.7. On the tangent bundle of a ﬂat Riemannian manifold (M, g), the general natural metrics with respect to which the
Levi-Civita connection of g and its horizontal and vertical projectors are harmonic, have the expression⎧⎪⎪⎨
⎪⎪⎩
G
(
XHy , Y
H
y
)= kgπ(y)(X, Y ),
G
(
XVy , Y
V
y
)= c2gπ(y)(X, Y ) + d2gπ(y)(X, y)gπ(y)(Y , y),
G
(
XVy , Y
H
y
)= c3gπ(y)(X, Y ) + c′3gπ(y)(X, y)gπ(y)(Y , y),
for all X, Y ∈ T 10 (M), y ∈ TM, where k is an arbitrary constant, and the coeﬃcients c2 , d2 , and c3 are smooth functions depending on
the energy density t of y, satisfying the following:
c′2 = −2
c2c′3 − c3d2
c3 + 2tc′3
,
d′2 = 2
(c′3 + c′′3t)(c2 + 2td2) − c3d2 + c2c′3
t(c3 + 2tc′3)
.
Proof. In the new hypothesis, the relations (3.10)–(3.17) obtained in the proof of Theorem 3.5 remain true. Then, since
c = 0, (3.14) implies that c1 is an arbitrary constant k, (3.16) leads to d1 = 0, and from (3.15) we get c′3 = d3.
Under the above conditions, the ﬁrst three relations in (3.9) are satisﬁed, and the last one becomes
k
2(c3d2 − c2d3) − 2(c′3 + c′′3t)(c2 + 2td2) + d′2t(c3 + 2tc′3)
[k(c2 + 2td2) − 4c′3t(c3 + c′3t) − c23]2
yh = 0,
which is equivalent to the last condition in the theorem. 
Corollary 3.8. Let (M(c), g) be a Riemannian space form. The Levi-Civita connection of g and its horizontal and vertical projectors are
harmonic with respect to the Sasaki metric on TM.
Remark 1. If from now on, we assume that P is different from the Levi-Civita connection of g , it follows that L is a nonzero
operator, satisfying L2 = −L. Therefore, TTM splits into the direct sum of a distribution on which L is null and another one,
on which L is nondegenerate.
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Riemannian manifold (M, g) with respect to the general natural metrics on TM become quite complicated. However, for the
case of the natural diagonal metrics we prove the following:
Theorem 3.9. Let (M(c), g) be a Riemannian space form, endowed with a (non)linear connection P , whose associated tensor ﬁeld L
satisﬁes the parallelism condition
∇˙XH L = 0, ∀X ∈ T 10 (M). (3.19)
The natural diagonal metric G on TM, with respect to which P and its horizontal and vertical projectors are harmonic, have the
expressions (∗) and (∗∗), when the base manifold is ﬂat, and respectively when c 
= 0:
(∗)
⎧⎪⎪⎨
⎪⎪⎩
G
(
XHy , Y
H
y
)= kgπ(y)(X, Y ),
G
(
XVy , Y
V
y
)= c2(t)gπ(y)(X, Y ) + d2(t)gπ(y)(X, y)gπ(y)(Y , y),
G
(
XVy , Y
H
y
)= 0,
(∗∗)
⎧⎪⎪⎨
⎪⎪⎩
G
(
XHy , Y
H
y
)= kgπ(y)(X, Y ),
G
(
XVy , Y
V
y
)= d2(t)gπ(y)(X, y)gπ(y)(Y , y), ∀X, Y ∈ T 10 (M), ∀y ∈ TM,
G
(
XVy , Y
H
y
)= 0
where t is the energy density of y.
Proof. For a metric of natural diagonal type on the tangent bundle TM, when (3.19) is satisﬁed, the compatibility relations
(3.6) reduce to
Hij(1)S
h
i j = 0, Hij(1)LkjUhki = 0. (3.20)
Imposing the condition of vanishing of the parts containing and not containing n in (3.18), we obtain that c1 = k and
d1 = k1t , for t 
= 0, where k and k1 are some arbitrary real constants.
Replacing this values into the second relation in (3.20), we have
1
2k(k + 2k1)
[(
k1
t
+ cc2
)
δ
j
i y
h +
(
k1
t
− cc2
)
δhi y
j − k1 1
t2
g0i y
h y j
]
Lij = 0. (3.21)
Now we use the same argument as in [3, Lemma 2.1].
By several consequent contractions in (3.21) made on the nondegenerate distribution of L (see Remark 1), we obtain that
the coeﬃcients k1t + cc2, k1t − cc2, k1 1t2 vanish simultaneously. From this reason it follows that cc2 = 0 and k1 = 0. If the
base manifold is ﬂat (resp. c 
= 0), it follows that the metric G is of the form (∗) (resp. (∗∗)). 
Corollary 3.10. Let (M, g) be a Riemannian space form endowed with a (non)linear connection P satisfying (3.19). Then P and its
horizontal and vertical projectors are harmonic with respect to the Sasaki metric if and only if M is ﬂat.
4. Harmonic almost tangent structures on (TM,G)
In [5] and [4], the authors dealt with the canonical almost tangent structure on the tangent bundle TM of a Riemannian
manifold (M, g) by using the induced coordinates. Different from their approach, where a (non)linear connection on M is
deﬁned via the canonical almost tangent structure, in the sequel we deﬁne an almost tangent structure T on TM by using a
(non)linear connection P on M and we ﬁnd out that T does not depend on P .
The purpose of the present section is to study the harmonicity with respect to a general natural metric G of the canonical
almost tangent structure on TM deﬁned as follows:
Deﬁnition 4.1. Let (M, g) be an n-dimensional Riemannian manifold, endowed with a (non)linear connection P , which gives
the splitting (2.1) of TTM. With respect to P one can deﬁne a canonical almost tangent structure T on TM, by the relations
T XV = 0, T X H˜ = XV , ∀X ∈ T 10 (M). (4.1)
In the adapted local frame { ∂
∂ yi
, δ˜
δx j
}i, j=1,n the expressions (4.1) take the forms:
T
∂
∂ yi
= 0, T δ˜
δxi
= ∂
∂ yi
.
From the above we can conclude:
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chosen, it satisﬁes the anti-commutation property T P = −P T = T , and it coincides with the almost tangent structure from [5].
We can give the following deﬁnition, similar to Deﬁnition 3.1:
Deﬁnition 4.3. The almost tangent structure T introduced by Deﬁnition 4.1 is harmonic with respect to the general natural
metric G on TM if the codifferential of T with respect to the Levi-Civita connection ∇ of G vanishes, i.e.
trace(∇·T )· = 0. (4.2)
Since we obtained in Proposition 4.2 that the almost tangent structure T is independent on the (non)linear connection
P chosen, we write the expression (4.2) with respect to the local frame ﬁeld adapted to the decomposition (2.4) (given by
the Levi-Civita connection):
Hij(1)(∇ δ
δxi
T )
δ
δx j
= Hij(1)
[
Uhji
δ
δxh
+ (Uhji − Shi j) ∂∂ yh
]
= 0,
Hij(3)(∇ δ
δxi
T )
∂
∂ y j
= −Hij(3)Uhji
∂
∂ yh
= 0,
Hij(3)(∇ ∂
∂ yi
T )
δ
δx j
= Hij(3)
[
Q hij
δ
δxh
+ (Q hij − Uhij) ∂∂ yh
]
= 0,
Hij(2)(∇ ∂
∂ yi
T )
∂
∂ y j
= Hij(2)Q hij
∂
∂ yh
= 0. (4.3)
In the sequel we shall prove the main result of this section, namely the following classiﬁcation result:
Theorem 4.4. On the nonzero tangent bundle of a Riemannian space form (M(c), g) (with c 
= 0) the coeﬃcients of the general natural
metric G (given by (2.10)) with respect to which the canonical almost tangent structure T is harmonic, fall into one of the following
instances:
Case I. c3 vanishes, and then
c1 = 2ck2, d1 = k
2
k0t
− ck2
t
, c2 = k2
t
, d2 = − k2
2t2
+ k0
t
, d3 = k
t
.
Case II. d3 vanishes and we distinguish the subcases:
II.1. d2 = constt2 , and the other coeﬃcients have the forms:
c2 = −2 const
t
, c3 = k, c1 = −2
√
tk1 + k0 and d1 = 2c const
t
+ k1√
t
;
II.2. d2 = constt2 and the base manifold is ﬂat, case when c2 = −2 constt + k2 , d1 = 0, and c1 and c3 are some arbitrary real
constants;
II.3. The metric G is a natural diagonal one, and its coeﬃcients satisfy the following relations:
d1 = −cc2, c′1 = 2
(
cc2 + cc′2t
)
, and d2 is an arbitrary smooth real function of t.
The canonical almost tangent structure is harmonic with respect to any general natural metric on the null section of TM.
Proof. The canonical almost tangent structure T on TM is harmonic with respect to the general natural metric G deﬁned
by (2.10) if and only if the horizontal and vertical components involved in the expressions (4.3) vanish simultaneously.
By a similar reason as in the proof of Theorem 3.5, the parts containing n in the expressions of Hij
(1)U
h
ji , H
ij
(2)Q
h
ij , H
ij
(3)Q
h
ij ,
Hij(3)U
h
ji , H
ij
(1)(U
h
ji − Shi j), Hij(3)(Q hij − Uhij) must vanish. Therefore, ignoring the denominator, 2(c1c2 − c23)[(c1 + 2td1)(c2 +
2td2) − (c3 + 2td3)2], which is common to all these expressions, we have
c2
[
(cc2 + d1)(c2 + 2td2) +
(
c′3 − d3
)
(c3 + 2td3)
]
nyh = 0,
−c1
[
c′2(c3 + 2td3) + 2(c2d3 − c3d2)
]
nyh = 0,
−c3
[
c′2(c3 + 2td3) + 2(c2d3 − c3d2)
]
nyh = 0,
−c3
[
(cc2 + d1)(c2 + 2td2) +
(
c′ − d3
)
(c3 + 2td3)
]
nyh = 0,3
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[(
c′1 + cc2
)
(c3 + td3) + c′3(c1 + 2td1) − 2cc3(c2 + 2td2) + c3d1 − c1d3
]
nyh = 0,
−c3
[−c2(cc2 + d1) − c′2(c1 + 2td1) − (c′3 + d3)(c3 + 2td3) − 2d2t(cc2 − d1) + 2c1d2]nyh = 0.
The second and third relations from above lead to the expression of c′2 in (3.14). On the other hand, from the ﬁrst and
fourth relations we obtain the value of c′3 given by the ﬁrst equality in (3.15). Using this expression of c′3, it follows that
Hij(1)U
h
ji =
(c′1 + 2d1 + 2td′1)(c2 + 2td2)2
(c1 + 2td1)(c2 + 2td2) − (c3 + 2td3)2 y
h = 0,
which yields
c′1 = −2
(
d1 + td′1
)
. (4.4)
Replacing the values obtained for c′2 and c′3 into the expression of H
ij
(2)Q
h
ij we have that its numerator must vanish,
namely:
−(c1 + 2td1)
{
(c2 + 2td2)2(cc2 + d1) +
[
(c3 − 2td3)
(
d′2t + 2d2
)+ 4d3(d′2t2 − c2)](c3 + 2td3)
− 2d′3t(c2 + 2td2)(c3 + 2td3)
}= 0,
and hence
d′3 =
(c2 + 2td2)2(cc2 + d1) + [(c3 − 2td3)(d′2t + 2d2) + 4d3(d′2t2 − c2)](c3 + 2td3)
2t(c2 + 2td2)(c3 + 2td3) . (4.5)
The expressions of Hij(3)Q
h
ij and H
ij
(3)U
h
ji vanish under the above conditions, and the part containing n in the numerator
of Hij(1)(U
h
ji − Shi j) becomes{
c2(cc2 + d1)
[
(c1 + 2td1)(c2 + 2td2) + (c3 + 2td3)(c3 − 2td3)
]
+ 4{cc3[d2t(c3 − 2td3) − c3(c2 + 2td2)]+ td3[d1(c3 + 2td3) − 2cc2c3]}+ 2td′1(c3 + 2td3)2}nyh,
which vanishes if and only if
d′1 = −
1
2t(c3 + 2td3)2
{
(cc2 + d1)
[
(c1 + 2td1)(c2 + 2td2) + (c3 + 2td3)(c3 − 2td3)
]
+ 4{cc3[d2t(c3 − 2td3) − c3(c2 + 2td2)]+ td3[d1(c3 + 2td3) − 2cc2c3]}}. (4.6)
Replacing the expressions of c′2, c′3, and the above value of d′1 into the part of the numerator of H
ij
(1)(U
h
ji − Shi j) which
does not contain n, it vanishes too.
Under all the above conditions, the part of Hij(3)(Q
h
ij − Uhij) containing n becomes
− c3d3
(c1c2 − c23)(c3 + 2td3)
nyh,
and it vanishes if and only if c3 = 0 or d3 = 0.
Case I. When c3 = 0, the part without n in the expression of Hij(3)(Q hij − Uhij) takes the form
d3
c2 − 2d2t − 2d′2t2
(c2 + 2td2)[(c2 + 2td2)(c1 + 2td1) − 4d23t2]
yh,
which is zero when either d3 = 0, i.e. the metric is of diagonal form (case which will be treated separately), or
d′2 =
c2 − 2td2
2t2
. (4.7)
In the proof of Theorem 3.5 we showed that Hij(2)Q
h
ij = 0 lead to the second relation in (3.14). Then, since c3 = 0, it
follows that c2 has the form
c2 = k2
t
, (4.8)
where k2 is an arbitrary constant.
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d2 = − k2
2t2
+ k0
t
,
where k0 is another arbitrary constant.
From the vanishing condition of the part containing n in the ﬁnal expression of Hij(1)U
h
ji , we obtain that c
′
3 has the ﬁrst
form in (3.15). Taking into account the expressions of the coeﬃcients obtained in this case, c′3 becomes
−ck0k2 − d1k0t + d23t2
d3t2
= 0,
and hence
d1 = d
2
3t
2 − ck0k2
k0t
. (4.9)
The derivative of the above value, must coincide with the one given by (4.6), and this happens if and only if c1 = 2ck2.
Under the conditions on the coeﬃcients imposed in this case, (4.5) becomes
d′3 = −
d3
t
,
and hence d3 = kt , k being an arbitrary constant.
Replacing this value of d3 into (4.9), we obtain that
d1 = k
2
k0t
− ck2
t
.
Thus, we got the explicit expressions of the coeﬃcients, in the case c3 = 0.
Case II. When d3 = 0 the second relation in (3.14), the ﬁrst relation in (3.15), and also (4.4)–(4.6) remain all true. Under
these conditions the expression of Hij
(3)(Q
h
ij − Uhij) becomes
c3
2d2 + d′2t
(c2 + 2td2)(c23 − c1c2 − 2c2d1t − 2c1d2t − 4d1d2t2)
yh,
and it vanishes either if
d2 = const
t2
, (4.10)
or if the metric is a diagonal one (case which will be treated separately).
Using (4.10) and making d3 = 0 into the second relation in (3.14) and into the ﬁrst relation in (3.15), we obtain that
c2 = 2 const
t
+ k2, (4.11)
and c3 is an arbitrary real constant k.
Since d′3 must vanish, all the above conditions and the relation (4.5) lead to
k2
−2c const + d1t + ck2t
2kt2
= 0,
and we have the subcases k2 = 0 and d1 = c(2 constt − k2).
II.1. If k2 = 0, it follows from (4.11) that c2 = 2 constt , and from (4.4) and (4.6) that
c′1 = 2c
const
t
− d1, d′1 = −c
const
t2
− d1
2t
,
that is c1 and d1 have the values presented in the subcase II.1 of the theorem.
II.2. If d1 = c(2 constt − k2), we consider the equality between its derivative and the expression given by (4.6). Then, by
taking into account the values of the coeﬃcients mentioned in Case II, we obtain that −2c k2t = 0, namely k2 = 0 (the previ-
ous subcase) or c = 0. Thus the base manifold must be ﬂat. In this case, it is easy to prove that all the coeﬃcients take the
forms presented at the point II.2 of the theorem.
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to which the canonical almost tangent structure is harmonic, we only have to check the relation Hij(1)U
h
ji = 0, which after
the usual computations becomes[
c1(c′1 + 2td′1) − cc2(c1 + 2td1) + d1(c1 − 2td1)
2c1(c1 + 2td1)2 +
cc2 + d1
2c1(c1 + 2td1)n
]
yh = 0.
From the condition of vanishing of the part containing n it follows that d1 = −cc2. By replacing this value into the part
not containing n we obtain
c′1 − 2cc2 − 2cc′2t = 0,
which is equivalent to the last relation in the theorem. 
Corollary 4.5. The canonical almost tangent structure on TM is harmonic with respect to the Sasaki metric if and only if the base
manifold (M(c), g) is ﬂat.
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